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Abstract
The cosmetic surgery conjecture is a longstanding conjecture in 3-manifold theory. We present a
theorem about exceptional cosmetic surgery for homology spheres. Along the way we prove that if
the surgery is not a small seifert Z/2Z-homology sphere or a toroidal irreducible non-Seifert surgery
then there is at most one pair of exceptional truly cosmetic slope. We also prove that toroidal truly
cosmetic surgeries on integer homology spheres must be integer homology spheres.
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1 introduction
In [16] we proved that for hyperbolic knots in S3 the slope of exceptional truly cosmetic surgeries must be
±1 and that the surgery must be irreducible toroidal and not Seifert fibred. As a consequence we showed
that there are no truly cosmetic surgeries on alternating and arborescent knots in S3. Here we study the
problem for the case of integer homology spheres in general. Recall that a surgery on a hyperbolic knot
is exceptional if it is not hyperbolic and that two surgeries on the same knot but with different slopes are
called cosmetic if they are homeomorphic and are called truly cosmetic if the homeomorphism preserves
orientation. The cosmetic surgery Conjecture [10, Conjecture (A) in problem 1.81 ] states that if the
knot complement is boundary irreducible and irreducible then two surgeries on inequivalent slopes are
never truly cosmetic. For more details about cosmetic surgeries we refer to [12],[1], [13], [14] and [16].
In this paper we study truly cosmetic surgeries along hyperbolic knots in homology spheres. We are
concerned with the case where the two slopes are both exceptional slopes. We call such surgeries
exceptional truly cosmetic surgeries. If K is a knot in an integer homology sphere Y , we denote N (K) a
regular neighbourhood of K, YK := Y \ int(N (K)) the exterior of K and YK(r) Dehn surgery along K
with slope r. When the manifold is a homology sphere we identify r with a rational number according
to the standard meridian longitude basis where the longitude is the preferred longitude. The main result
of this paper is the following.
Theorem 1.1. Let K be a hyperbolic knot in a homology sphere Y . Let 0 < p and q < q′ be integers.
If YK(p/q) is homeomorphic to YK(p/q
′) as oriented manifolds, then YK(p/q) is either
1. a reducible manifold in which case p = 1 and q′ = q + 1,
2. a toroidal Seifert fibred manifold in which case p = 1 and q′ = q + 1,
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3. a small Seifert manifold with infinite fundamental group in which case either
• p = 1 and |q − q′| ≤ 8.
• or p = 5, q′ = q + 1 and q ≡ 2 [mod 5].
• or p = 2, and q′ = q + 2 or q′ = q + 4.
4. a toroidal irreducible non-Seifert fibred manifold in which case p = 1 and |q′ − q| ≤ 3.
The following two corollaries are straigtforward consequences of the theorem.
Corollary 1.2. Toroidal truly cosmetic surgeries along hyperbolic knots in integer homology spheres
yield integer homology spheres.
Corollary 1.3. For a hyperbolic knot in an homology sphere there is at most one pair of exceptional
truly cosmetic slope which does not yield a Z/2Z-homology small Seifert surgery or a toroidal irreducible
non-Seifert surgery.
Notations. If a torus T is a component of ∂M we denote M(s, T ) the Dehn filling of M with slope s
along T , if ∂M has only one torus component we will simply write M(s). In the case of surgery along a
knot K is a 3-manifold Y we use the notation YK(s) defined earlier.
Rational longitude. Let K be a knot in a rational homology 3-sphere Y . The knot K has finite order in
H1(Y,Z) so there is an integer n and a surface Σ ⊂ Y such that nK = ∂Σ. The intersection of Σ with
∂N (K) is n-parallel copies of a curve λM . The isotopy class in ∂N (K) of this curve does not depend
on the choice of the surface Σ. We call the corresponding slope the rational longitude of K and denote
it by λM .
We will need the following lemma from [19].
Lemma 1.4. [19] Let s be a slope on ∂YK . There is a constant cM such that
|H1(YK(s);Z)| = cM ∆(s, λM ).
Here ∆(r, s) stands for the distance between two slopes r and s i.e their minimal geometric intersection.
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2 Proof of Theorem 1.1
Let us first recall a result of Boyer and Lines about the second derivative of the Alexander polynomial
∆′′K of a knot K.
Proposition 2.1. [2] Let K be a non-trivial knot in a homology 3-sphere Y and let r and s be two
distinct slopes. If there is an orientation preserving homeomorphism between YK(r) and YK(s) then
∆′′K(1) = 0.
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A consequence of this is the following lemma.
Lemma 2.2. Let K be a non-trivial knot in a homology 3-sphere Y . If there is an orientation preserving
homeomorphism between YK(p/q) and YK(p/q
′) then s(q, p) = s(q′, p), where
s(q, p) := sign(p) ·
|p|−1∑
k=1
((
k
p
))((
kq
p
)),
with
((x)) =


x− [x]− 12 , if x /∈ Z,
0, if x ∈ Z.
Proof. By using the surgery formula1 [17, Corollary 4.5] for the Casson invariant λ, an invariant for
oriented rational homology sphere, we have
λ(Y ) + λ(L(p, q)) +
q
2p
∆′′K(1) = λ(YK(p/q)) = λ(YK(p/q
′)) = λ(Y ) + λ(L(p, q′)) +
q′
2p
∆′′K(1)
but ∆′′K(1) = 0 by Proposition 2.1 so λ(L(p, q)) = λ(L(p, q
′)). On the other hand Boyer and Lines in [2]
have computed the Casson invariant for a lens space L(p, q) to be
λ(L(p, q)) = −
1
2
s(q, p).
Let Y be an integer homology sphere and let K be a knot in Y . Assume YK(p/q) ∼= +YK(p/q′) then we
have an induced isomorphism on homology and between the linking pairing of YK(p/q) and YK(p/q
′).
More precisely let [µ]q (resp. [µ]q′) be the meridian generator of H1(YK(p/q)) (resp. H1(YK(p/q
′))),
then we can find a unit u ∈ (Z/pZ)∗ such that
f∗ [µ]q = [µ]q′ u.
On the other hand if we denote lkq (resp. lkq′) the linking pairing of YK(p/q) and YK(p/q
′) respectively
and f∗ the map induced on homology then we can check that
lkq([µ]q , [µ]q) = −q/p [mod Z] .
The isomorphism f∗ then gives
lkq([µ]q , [µ]q) = lkq(f∗ [µ]q , f∗ [µ]q) [mod Z]
= lkq([µ]q′ , [µ]q′)u
2 [mod Z]
and it follows that
−
q
p
≡ −
q′
p
u2 [mod Z] , i.e q ≡ q′u2 [mod p] . (1)
As a consequence we have the following lemma.
Lemma 2.3. Let K be a hyperbolic knot in a Z-homology sphere Y . Let p/q and p/q′ be exceptional
slopes such that 0 < p and q < q′. If there is an orientation preserving homeomorphism between YK(p/q)
and YK(p/q
′) then one of the following holds:
1we have a difference of sign here due to our convention for lens spaces
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(a) p = 1 and |q − q′| ≤ 8.
(b) p = 5, q′ = q + 1 and q ≡ 2 [mod 5].
(c) p = 2, and q′ = q + 2 or q′ = q + 4.
Proof. Since the slopes are exceptional by [11, Theorem 1.2] ∆(p/q, p/q′) = |pq′ − qp| = p|q − q′| ≤ 8
so p ≤ 8. If p ∈ {8, 7, 6, 5} then |q − q′| ≤ 1 and q′ = q + 1. Since one of q and q + 1 is even and
p, q (resp. p, q′) are relatively prime p cannot be 6 or 8. Similarly if p ∈ {4, 3} then |q − q′| ≤ 2 and
q′ ∈ {q + 1, q + 2}. If p = 2 then |q− q′| ≤ 4 and q′ ∈ {q + 1, q + 2, q + 3, q + 4} but we must have q ≡ q′
[mod 2] by Equation 1 so q′ ∈ {q + 2, q + 4}.
We use the same equation for p ∈ {7, 5, 4, 3} to obtain the result.
• Case p = 7. The squares modulo 7 are 1, 2 and 4, they are all units so
q ≡ q + 1 [mod 7] or q ≡ 2(q + 1) [mod 7] or q ≡ 4(q + 1) [mod 7] .
The first equation is impossible and the last two are equivalent to
q ≡ 5 [mod 7] or q ≡ 1 [mod 7] .
By a straightforward computation
s(5, 7) =
−1
14
, s(6, 7) =
−5
14
, s(1, 7) =
5
14
, s(2, 7) =
1
14
.
Using the fact that s(a, p) = s(b, p) if a ≡ b [mod p], we get
If q ≡ 5 [mod 7],
s(q, 7) = s(5, 7) =
−1
14
6=
−5
14
= s(6, 7) = s(q + 1, 7)
If q ≡ 1 [mod 7],
s(q, 7) = s(1, 7) =
5
14
6=
1
14
= s(2, 7) = s(q + 1, 7)
This contradicts Lemma 2.2 which says that we must have s(q, p) = s(q′, p).
• Case p = 5. The squares modulo 5 are 1 and 4, the only unit among them is 1, therefore
q ≡ q + 1 [mod 5] or q ≡ 4(q + 1) [mod 5] .
The first equation has no solution and the second is equivalent to
q ≡ 2 [mod 5] .
• Case p = 4. We have q′ ∈ {q + 1, q + 2} and the only square modulo 4 is 1 therefore
q ≡ q + 1 [mod 4] or q ≡ q + 2 [mod 4] .
These equations have no solutions so the case p = 4 is not possible.
• Case p = 3. We have q′ ∈ {q + 1, q + 2} and the only square modulo 3 is 1, therefore this case is
also impossible.
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The next two theorems of Gordon and Wu about toroidal surgery from [9] and [5] will play a key part
in the proof of Theorem 1.1. The first theorem is about pairs of toroidal slopes at distance 4 or 5 apart
and the second theorem is for distance greater than 5.
Theorem 2.4. [9] There exist fourteen hyperbolic 3-manifolds Mi, 1 ≤ i ≤ 14, such that
1. ∂Mi consists of two tori T0, T1 if i ∈ {1, 2, 3, 14}, and a single torus T0 otherwise;
2. there are slopes ri, si on T0 such that Mi(ri, T0) and Mi(si, T0) are toroidal,
• ∆(ri, si) = 4 if i ∈ {1, 2, 4, 6, 9, 13, 14}, and
• ∆(ri, si) = 5 if i ∈ {3, 5, 7, 8, 10, 11, 12};
3. if M is a hyperbolic 3-manifold with toroidal Dehn fillings M(r),M(s) where ∆(r, s) = 4 or 5,
then (M, r, s) is equivalent either to (Mi, ri, si) for some 1 ≤ i ≤ 14, or to (Mi(t, T1), ri, si) where
i ∈ {1, 2, 3, 14} and t is a slope on the boundary component T1 of Mi.
Here we define two triples (N1, r1, s1) and (N2, r2, s2) to be equivalent if there is a homeomorphism from
N1 to N2 which sends the boundary slopes (r1, s1) to (r2, s2) or (s2, r2).
Let W be the exterior of the Whitehead link and let T0 be a boundary component of W . Choosing a
standard meridian-longitude basis µ, λ for H1(T0) we can identify slopes T0 with elements of Q∪ {1/0}.
The manifolds W (1), W (2), W (−5), W (−5/2) are hyperbolic and they all admits a pair of toroidal
slopes r, s with ∆(r, s) > 5. Gordon proved that these examples are the only possibilities for hyperbolic
manifolds with pair of toroidal slopes at distance > 5.
Theorem 2.5. [5] Let M be an irreducible 3-manifold and T a torus component of ∂M . If two slopes
r and s on T are toroidal then either
1. ∆(r, s) ≤ 5; or
2. ∆(r, s) = 6 and M is homeomorphic to W (2); or
3. ∆(r, s) = 7 and M is homeomorphic to W (−5/2); or
4. ∆(r, s) = 8 and M is homeomorphic to W (1) or W (−5).
We can now get more restrictions on the slopes which gives cosmetic toroidal fillings.
Lemma 2.6. Let K be a knot in a Z-homology sphere Y . Let r, s be two slopes on ∂YK . If YK(r)
and YK(s) are toroidal and if there is an orientation preserving homeomorphism between them, then
∆(r, s) ≤ 3.
Proof. We will distinguish the cases ∆(r, s) > 5 and ∆(r, s) = 5, or 4.
Let W be the Whitehead link exterior. By Theorem 2.5 if ∆(r, s) > 5 then either
• ∆(r, s) = 6 and YK is homeomorphic to W (2)
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• ∆(r, s) = 7 and YK is homeomorphic to W (−5/2)
• ∆(r, s) = 8 and YK is homeomorphic to W (1) or W (−5)
The manifold YK(r) is then obtained by surgery on the Whitehead link with coefficients {2, a1/b1} or
{−5/2, a2/b2} or {1, a3/b3} or {−5, a4/b4}. We can then compute the order of the first homology using
this coefficient,
|H1(YK(r))| =
∣∣∣∣∣
2 b1 lk(K1,K2)
lk(K2,K1) a1
∣∣∣∣∣ =
∣∣∣∣∣
2 0
0 a1
∣∣∣∣∣ = 2a1
where K1,K2 denotes the two components of the Whitehead link and lk(K1,K2) their linking number.
Similarly we get for the other possibilities
|H1(YK(r))| =
∣∣∣∣∣
−5 0
2 a2
∣∣∣∣∣ = −5a2, or |H1(YK(r))| =
∣∣∣∣∣
−5 0
0 a4
∣∣∣∣∣ = −5a4.
On the other hand if ∆(r, s) > 5 then YK(r) must be a homology sphere by Lemma 2.3. Therefore these
three possibilities cannot occur. The remaining case is YK(r) =W (1) which is the figure-8 complement
and there are no truly cosmetic surgeries along the figure-8 knot, as we can check for instance that
∆′′figure-8(1) 6= 0 and use Proposition 2.1.
Now we can assume ∆(r, s) ∈ {4, 5}. We will do a case by case study using Theorem 2.4.
• Case 1. YK is one of M1,M2,M3.
The manifolds M1,M2,M3 are the exterior of the following links [9]
(1) (2) (3)
For i ∈ {1, 2, 3} we will denote by K ′i and K
′′
i the leftmost and rightmost components of the above
links. From [9] we know that the component T1 is the boundary of N (K ′i). Let t = a/b be a slope
on N (K ′i) written in its Seifert framing. If a 6= 1 then H1 (Mi(t)) = Z ⊕ Z/aZ 6= Z = H1(YK).
Therefore we must have a = 1. But in this case we have a knot complement in S3 and we know
from [16, Theorem 1.4] that the surgery must be ±1 therefore ∆(r, s) = 2 which is not the case
here.
• Case 2. YK ∼= M14. Let t be a slope on the boundary component T1 of M14, and let Kt be the
core of the Dehn filling solid torus in M14(t, T1). From [9, Theorem 22.3] we can compute
H1 (M14(t, T1)) /H1(Kt) = Z/2Z⊕ Z/2Z.
Therefore H1 (M14(t)) 6= Z = H1(YK).
• Case 3. YK is one of M4 and M5. From [9, Theorem 22.3] we can also compute
H1(M4(r)) = Z, and H1(M5(r)) = Z⊕ Z/4Z.
These situations are not possible since YK(r) is a rational homology sphere.
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• Case 4. YK is one of M6,M7,M10,M11,M12,M13. By [9, Lemma 22.2] YK admits a Lens space
surgery. With respect to the framing in [9] these lens space surgeries are
M6(∞) = L(9, 2) M7(∞) = L(20, 9) M10(∞) = L(14, 3)
M11(∞) = L(24, 5) M12(∞) = L(3, 1) M13(∞) = L(4, 1)
From this we can deduce that |Tor (H1(YK)) | 6= 1 which is not possible since H1(YK) = Z.
• Case 5. YK is one ofM8 andM9. From [9, Lemma 22.2] the manifoldsM8 andM9 has two toroidal
surgeries and one lens space surgery listed as follows with respect to the framing used in [9]
M8(0), M8(−5/4), M8(−1) = L(4, 1)
M9(0), M9(−4/3), M9(−1) = L(8, 3)
For i ∈ {8, 9} let a = |Tor (H1(Mi)) | and l be the order of the preferred rational longitude λMi .
We are going to express the framing used in [9] according to our standard basis {µ, λMi}. Let λ
be the framing used in [9]. Then the −1 slope in this framing can be written −µ+ (pµ+ λMi ) =
(p− 1)µ+ λMi . Using the fact that |H1 (L(4, 1)) | = 4 and |H1 (L(8, 3)) | = 4, with Lemma 1.4 we
get
|H1 (M8(−1)) | = 4 = ∆((p− 1)µ+ λM8 ; λM8 ) la = |p− 1|la,
|H1 (M9(−1)) | = 8 = ∆((p− 1)µ+ λM9 ; λM9 ) la = |p− 1|la.
Since YK is a knot complement in an integer homology sphere, if YK is one of M8 or M9 then we
must have l = a = 1. Therefore p ∈ {−3, 5} for M8 and p ∈ {9,−7} for M9. We can then deduce
H1(M8(0)) = Z/5Z or Z/3Z, H1(M8(−5/4)) = Z/15Z or Z/17Z,
H1(M9(0)) = Z/9Z or Z/7Z, H1(M9(−4/3)) = Z/23Z or Z/25Z,
Therefore M8(0) and M8(−5/4) are not homeomorphic and the same is true for M9(0) and
M8(−4/3). We can conclude that YK cannot be one of M8 or M9.
The last lemma implies in particular that toroidal truly cosmetic surgeries on integer homology sphere
must be integer homology spheres.
The next preliminary result addresses the case of Seifert fibred toroidal surgeries. Before going into it we
need a bit of PSL2(C)-character variety theory. We refer to [3] for more details about character variety
theory.
Let X(G) denote the PSL2(C)-character variety of a finitely generated group G. When G = π1(Z)
where Z is a path-connected space, we shall write X(Z) for X(π1(Z)). Recall that X(G) is a complex
algebraic variety and a surjective homomorphism G։ H induces an injective morphism X(H) →֒ X(G)
by precomposition. A curve X0 ⊂ X(G) is called non-trivial if it contains the character of an irreducible
representation. Each γ ∈ X(G) determines an element fγ of the coordinate ring C[X(G)] where if
ρ : G→ PSL2(C) is a representation and χρ the associated point inX(G), then fγ(χρ) = trace(ρ(γ))2−4.
When G = π1(M), any slope r on ∂M determines an element of π1(M), well-defined up to conjugation
and taking inverse. Hence it induces a well-defined element fr ∈ C[X(M)].
Lemma 2.7. Let K be a hyperbolic knot in an integer homology sphere Y . Let r = p/q and r′ = p/q′
be exceptional slopes such that 0 < p and q < q′. If YK(r) is homeomorphic to YK(r
′) as oriented
manifolds and is Seifert fibred and toroidal, then p = 1 and q′ = q + 1.
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Proof. Let B be the base orbifold for YK(r). Since YK(r) is toroidal with finite first homology B cannot
be spherical. Moreover it cannot be a sphere with strictly less than 4 cone points. Thus B must be
either hyperbolic or one among: S2(2, 2, 2, 2), T2, RP2(2, 2) or the Klein bottle. Since we assume that
YK(r) and YK(r
′) are toroidal, by lemma 2.6 ∆(r, r′) ≤ 3, so p ≤ 3. Lemma 2.3 then implies that p = 1
or p = 2. If p = 2 then q′ = q + 2 or q′ = q + 4 and it follows that ∆(r, r′) = 4 or 8, but this contradicts
the fact that ∆(r, r′) ≤ 3. Therefore we must have p = 1. Furthermore using the fact that YK(r) is a
Seifert fibred manifold, we have the following surjection in first homology: H1(YK(r)) ։ H1(B), thus
|H1(YK(r))| = p = 1 ≥ |H1(B)|. However we know that |H1(S2(2, 2, 2, 2))| = |H1(RP2(2, 2))| = 8,
H1(T
2) = Z⊕ Z and H1(Klein bottle) = Z⊕ Z/2Z. Thus B must be hyperbolic.
By the same argument as above B cannot be RP2(a, b) since |H1(RP
2(a, b))| = 2ab > 1.
By work of Thurston [18], since B 6= RP2(a, b) the real dimension of the Teichmu¨ller space T (B) of B
is at least 2. Moreover T ⊂ X(πorb1 (B)) where π
orb
1 (B) is the orbifold fundamental group of B. On the
other hand we have
π1(M)։ π1(M(r))։ π
orb
1 (B)
which induces a sequence of inclusions
X(YK) ⊃ X(YK(r)) ⊃ X(π
orb
1 (B)) ⊃ T (B).
Therefore the complex dimension ofX(YK(r)) is at least 1. We want to prove that it contains a subvariety
of complex dimension at least 2. Assume on the contrary that all components of X(YK(r)) have complex
dimension 1. In this case T (B) would be an open set in a non-trivial curve X0 ⊂ X(YK(r)). When
χρ ∈ T (B), ρ is the holonomy of a hyperbolic structure on B and it is well known that if γ ∈ πorb1 (B)
has infinite order, then fγ(χρ) is a real number. Deforming χρ in T (B) shows that fγ |X0 is non-constant
and must take some non-real values. This contradicts the fact that it is real-valued on the open subset
T (B) ⊂ X0. Thus X(YK) has a subvariety of complex dimension 2 or larger on which fr is constant
and which contains the character of an irreducible representation. Hence if r′ 6= r is any other slope,
we can then construct a non-trivial curve X0 ⊂ X(YK) on which both fr and fr′ are constant. Indeed
let X be this two dimensional subvariety, if fr′ |X is constant then we are done, otherwise we can take
a regular value z0 ∈ C of fr′ |X , the preimage fr′ |
−1
X (z0) is a codimension one subvariety of X and we
can take X0 = fr′ |
−1
X (z0). It follows that fr|X0 is constant for each slope. In particular for each ideal
point x˜ of X0 and slope s ∈ ∂YK , f˜s(x˜) ∈ C. Now [3, Proposition 4.10 & Claim of page 786] imply that
there is a closed essential surface S ⊂ YK which compresses in YK(r) but stays incompressible in YK(s)
if ∆(s, r) > 1.
Suppose we have ∆(r, r′) ≥ 2, then S must be incompressible in YK(r
′). Since YK is hyperbolic it has
no incompressible torus. Therefore S must have genus at least 2 and is a horizontal surface.
On the other hand YK ⊂ Y and Y is a Z-homology sphere so S must separate YK and also YK(r′).
Indeed H2 (Y ) = 0 so [S] = 0 and S separates. Let M1 and M2 be the two components of YK(r
′) \ S.
They are both interval semi-bundles with base B. It follows that if Σi is the core surface of Mi, then
π1(Σi) ∼= π1(Mi) for i = 1, 2. On the other hand since ∂Mi = S is connected, we have a 2 to 1 connected
cover ∂Mi → Σi. Then π1(S) is an index two subgroup of π1(Σi), in particular it is normal. Using
Van-Kampen theorem we have
π1(YK(r
′)) = π1(Σ1) ∗pi1(S) π1(Σ2)
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and π1(S) is normal in π1(YK(r
′)) since it is normal in both component of the amalgam. Hence
π1(YK(r
′))
π1(S)
=
(
π1(Σ1)
π1(S)
)
∗
(
π1(Σ2)
π1(S)
)
∼= Z/2Z ∗ Z/2Z
and we have a surjection π1(YK(r
′)) ։ Z/2Z ∗ Z/2Z. This induces a surjection in first homology
H1(YK(r
′))։ Z/2Z⊕ Z/2Z, which contradicts the fact that H1(YK(r′)) is cyclic. Therefore ∆(r, r′) =
p|q − q′| ≤ 1 which implies p = 1 and q′ = q + 1.
We can now prove the main theorem.
Theorem 2.8. Let K be a hyperbolic knot in a homology sphere Y . Let 0 < p and q < q′ be integers.
If YK(p/q) is homeomorphic to YK(p/q
′) as oriented manifolds, then YK(p/q) is either
1. a reducible manifold in which case p = 1 and q′ = q + 1,
2. a toroidal Seifert fibred manifold in which case p = 1 and q′ = q + 1,
3. a small Seifert manifold with infinite fundamental group in which case either
• p = 1 and |q − q′| ≤ 8.
• or p = 5, q′ = q + 1 and q ≡ 2 [mod 5].
• or p = 2, and q′ = q + 2 or q′ = q + 4.
4. a toroidal irreducible non-Seifert fibred manifold in which case p = 1 and |q′ − q| ≤ 3.
Proof. The manifold YK(r) is either reducible, Seifert fibred or toroidal. If it is reducible then by [7,
Theorem 1.2] ∆(p/q, p/q′) = p|q − q′| = 1. If it is toroidal and Seifert fibred then we have (1) which
is given by Lemma 2.7. The remaining possibilities are then (3), (4) and the case π1(YK(r)) is finite.
The proofs of (3) and (4) follow from Lemma 2.3. We are now left with the last possibility. Assume
that π1(YK(r)) is finite. By [4, Theorem 1.1] the distance between two finite slopes is at most 3, so
∆(p/q, p/q′) = p|q′ − q| ≤ 3. In particular p ∈ {1, 2, 3}, but by Lemma 2.3, p ∈ {1, 2, 5} thus p = 1
or p = 2. If p = 2 then |q′ − q| ≥ 2 by Lemma 2.3 and ∆(p/q, p/q′) = 4 > 3 therefore we can only
have p = 1. It follows that YK(r) is a homology sphere with finite fundamental group which implies
YK(r) = Σ (2, 3, 5) or YK(r) = S
3. If YK(r) = Σ (2, 3, 5) or S
3 then YK ⊂ Σ (2, 3, 5) or S3. Let Z denote
either Σ (2, 3, 5) or S3. Then YK = Z \ N (K ′) where K ′ is a non-trivial knot in Z for which there is
a non trivial slope which gives Σ (2, 3, 5). We notice that both Σ (2, 3, 5) and S3 are L-space homology
spheres so by [15, Lemma 3.3] ∆′′K(1) = 2 6= 0. Therefore by Proposition 2.1 there is no orientation
preserving homeomorphism between YK(r) and YK(r
′).
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